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For any x e F, we can write x = PV(X) + z9 with z orthogonal to V
(6.3.1) and we have therefore (x\an) = (Pv(x)\an). To prove the theorem,
we may therefore assume V = F; but then, the one-dimensional subspaces
Fw generated by the vectors an satisfy the assumptions of (6.4.2), and the
results are mere restatements of (6.4.2) for that particular case (taking into
account the definition of a Hilbert sum).
The most interesting case is that in which V = F, i.e., the orthogonal
system (an) is total. It is then called a Hilbert basis for F; (en) is such a basis
for I2. It will be proved in (7.4.3) that the trigonometric system (6.5.1) is
total. For a Hilbert space F and a total orthonormal system (#„), we can
replace everywhere Pv by ^e identity in (6.5.2); the relations
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are then called ParsevaVs identities. It follows at once from (6.5.2) that
these identities represent not only necessary but sufficient conditions for (an)
to be a total system in a Hilbert space.
(6.5.3) In a Hilbert space F, a necessary and sufficient condition for an
orthogonal system (an) to be total is that the relations (x\an) = 0 for every n
imply x — 0.
Indeed, by (6.5.2) this means that the relation Pv(x) = 0 implies x = 0,
and this is equivalent to the relation V = F, since Pv(x — Pv(x)) = 0.
Remark
(6.5.4) Suppose E is a prehilbert space and the orthonormal system (an)
in E is total. Then the results (1) and (2) of (6.5.2) are still valid, with Pv(x)
replaced by x; this follows by the same argument as in (6.5.2), using the
Remark (6.4.3),
PROBLEMS
1.   Let E be a Hilbert space with a Hilbert basis (ett)n&i. Let A be the subset of E
oo	/	l\	n
consisting of the linear combinations x — ]T Xk I 1 — - \ek with Xk^0 and £ Afc = 1
k=i     \       k]	k=i
(n arbitrary).

